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We present a new approach to take into account resonance decays in the blast-wave model fits of
identified hadron spectra. Thanks to pre-calculated decayed particle spectra, we are able to extract,
in a matter of seconds, the multiplicity dependence of the single freeze-out temperature Tfo, average
fluid velocity 〈βT〉, velocity exponent n, and the volume dV/dy of an expanding fireball. In contrast
to blast-wave fits without resonance feed-down, our approach results in a freeze-out temperature of
Tfo ∼ 155 MeV, which has only weak dependence on multiplicity and collision system. Finally, we
discuss the case of separate chemical and kinetic freeze-outs.
Introduction.—The relativistic hadron collisions ex-
plore the properties of dense nuclear matter at tem-
peratures several times higher than that of the pseudo-
critical QCD temperature Tc = 156.5 ± 1.5 MeV [1],
i.e. the state of deconfined quarks and gluons. Re-
markably, the study of produced hadron and light nu-
clei abundances indicates an apparent thermal particle
production at constant chemical freeze-out temperature
Tchem ≈ Tc, as shown by fits of statistical hadroniza-
tion model (SHM) [2]. Furthermore, phenomenological
models based on viscous fluid description of the QGP
expansion successfully reproduce many soft hadronic ob-
servables [3–7]. Global fits to experimental data can then
be used to extract the model parameters and the trans-
port properties of dense QCD matter [8].
One of the earliest and simplest models of hadron
production from a flowing medium is the blast-wave
model [9]. It is based on calculating particle emission
from a parametrized freeze-out surface of temperature
Tfo and radial velocity profile βT (r). The primary par-
ticle spectra is taken to be thermal in the local rest-
frame of the fluid. Then the experimentally observed
hadrons, e.g. pions, kaons or protons, are calculated by
adding the decay feed-down from the short-lived primary
resonances to the initial thermal abundances. In gen-
eral, freeze-out with only direct decays gives a reasonably
good description of the data [10, 11], but neglects pos-
sible re-scattering and re-generation of hadrons, which
can be modelled by hadronic after-burners [12, 13]. The
blast-wave model can be simplified even further by using
thermal spectra of pions, kaons and protons to directly
fit the measured particle spectra. As decay feed-down
significantly modifies the magnitude and momentum de-
pendence of distributions, individual normalizations are
introduced for each particle species and the momentum
range for the fit is restricted [14]. In this case the ex-
tracted freeze-out temperature and radial velocity pro-
files are interpreted as temperature and velocity at the
kinetic particle freeze-out. This is the routine analy-
sis procedure performed for measured identified particle
spectra as a convenient way to characterize and compare
the soft particle production at different centralities and
collision systems [14–18].
In this paper we present a new procedure for the blast-
wave model fits, which includes the feed-down from res-
onance decays. We are certainly not the first to in-
clude resonance decays in the blast-wave model, as it
was done already in [9] and other studies [10, 19, 20].
However, up to now the generation of primary thermal
hadrons and their decays were two separate steps, the lat-
ter computed by either Monte-Carlo generators [21–24],
or semi-analytic treatments of decay integrals [25, 26].
This amounts to considerable computational costs, as for
each set of model parameters a large number (> 300) of
primary hadron spectra need to be generated and then
decayed through thousands of decay channels [27]. In-
stead we use recently published method of efficient calcu-
lation of direct resonance decays [28, 29]. The technique
is based on first calculating the resonance decays in fluid
rest-frame and only then finding the final particle spectra
for a fluid cell moving with some velocity uµ(x). In this
approach the primary resonances and decays need to be
evaluated only once for a given temperature and chemi-
cal potential, which greatly simplifies and speeds up the
fitting procedure.
Blast-wave fit with resonance decay feed-down.—In a
boost invariant blast-wave freeze-out model, particles are
produced from a constant time τfo and temperature Tfo
freeze-out surface with transverse radius R and a power-
like velocity profile [9]
βT ≡ u
r
uτ
= βmax
( r
R
)n
. (1)
Thermal particle production from a fluid cell of temper-
ature Tfo moving with a 4-velocity u
µ can be calculated
according to the Cooper-Frye formula [30],
Ep
dN
d3p
=
ν
(2pi)3
∫
σ
f (−uνpν , Tfo, µ) pµdσµ. (2)
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2Here ν = (2S + 1) is the spin degeneracy, dσµ is the
freeze-out surface element (for blast-wave surface dσµ =
(τfodηrdφdr, 0, 0, 0), µ is the chemical potential, E¯p =
−uνpν is the fluid-frame energy of the particle, and f is
the thermal particle distribution function.
The unstable resonances produced on the freeze-out
surface according to Eq. (2) decay and non-trivially mod-
ify the momentum spectra of long lived-hadrons. It was
show in Ref. [28] that decay feed-down modification for
thermally produced hadrons can be captured by two
scalar distribution functions, f eq1 and f
eq
2 [31], which gen-
eralize the Cooper-Frye freeze-out integral to
Ep
dN
d3p
=
ν
(2pi)3
∫
σ
[
f eq1
(
pµ − E¯puµ
)
+ f eq2 E¯pu
µ
]
dσµ.
(3)
Given a list of resonances and decay channels functions
f eqi=1,2 (−uνpν , Tfo, µ) can be easily computed using pub-
licly available code [29]. For the azimuthally symmetric
and boost-invariant blast-wave surface the decayed par-
ticle spectra simplifies to a 1-dimensional integral [28]
dN
2pipT dpT dy
=
ν
(2pi)3
∫ R
0
dr τforK
eq
1 (pT , βT (r)) . (4)
The freeze-out kernel Keq1 (pT , βT , Tfo, µ) can be evalu-
ated in advance for a range of values (pT , βT ) by az-
imuthal and rapidity integrals of functions f eqi=1,2
Keq1 (pT , βT ) =
∫ 2pi
0
dφ
∫ ∞
−∞
dη
{
f eq1 (E¯p)mT cosh(η)
+
(
f eq2 (E¯p)− f eq1 (E¯p)
)
E¯pu
τ
}
, (5)
where E¯p = mTu
τ cosh(η)−pTur cosφ is the particle en-
ergy in the fluid rest-frame, the transverse mass is defined
as mT =
√
p2T +m
2 and ur = βT /
√
1− β2T . Equation
(4) should be compared with the analogous equation in
the standard blast-wave fit, where the thermal freeze-out
kernel is given by azimuthal and rapidity integrals of the
Boltzmann distribution [9]
Kth1 (pT , βT ) = 4pimTI0
(
pTu
r
Tfo
)
K1
(
mTu
τ
Tfo
)
. (6)
The crucial difference is that our freeze-out kernel
Keq1 (pT , βT ) already contains the feed-down contribu-
tions from the unstable resonances. Therefore different
particles produced from the same freeze-out surface have
the same normalization in Eq. (4), namely the freeze-out
volume per rapidity dV/dy = τfopiR
2 (in the lab-frame).
Finally we note that although in Eq. (4) we consid-
ered a very specific freeze-out surface, the procedure
can be straightforwardly extended to more complicated
freeze-out surfaces by introducing additional freeze-out
kernels [28].
Partial chemical equilibrium.—To allow for separate
chemical and kinetic freeze-outs we employ the partial
chemical equilibrium (PCE) model [32, 33]. In this model
the quasi-stable hadrons, b, maintain an approximate
kinetic equilibrium through elastic scatterings, but the
particle ratios are fixed at the chemical freeze-out tem-
perature Tchem. Then at the kinetic freeze-out the dis-
tribution function of resonance a is given by a thermal
distribution at temperature Tfo = Tkin, but with chem-
ical potential µ˜a(µb) =
∑
bNa→bµb, where Na→b is the
number of decay products b, and µb is the chemical po-
tential of the quasi-stable species b. Assuming ideal hy-
drodynamic evolution between the chemical and kinetic
freeze-outs, chemical potentials µb are such that entropy
per quasi-stable particle b is conserved, i.e. we need to
solve the implicit equation for µb∑
aNa→bna(Tchem, 0)∑
a sa(Tchem, 0)
=
∑
aNa→bna(Tkin, µ˜a(µb))∑
a sa(Tkin, µ˜a(µb))
,
(7)
where the sum goes over all resonance species a and na, sa
are the number and entropy density for an ideal gas of
resonance species a. Then the freeze-out kernel for par-
tial chemical equilibrium
Keq1 (pT , βT ;Tkin, µ(Tkin, Tchem)). (8)
can be computed by decaying hadrons at the kinetic
freeze-out (Tkin, µ˜a(µb)) using the techniques described
in Ref. [28].
Setup.—We evaluated the irreducible scalar distribu-
tions f eq1,2 for pi, K, p, Λ,Ξ and Ω using the publicly
available code FastReso [29], which performs 1739 2-
body and 105 3-body strong and electromagnetic decays
for 381 resonances with masses up to ∼ 2.5 GeV [34]. For
the single freeze-out fits of pi,K, p spectra, we evaluated
the freeze-out kernels Keq1 for temperatures in [130−180]
MeV interval in 0.5 MeV steps and kept baryon chemical
potential µB = 0. For calculating PCE freeze-out ker-
nels, Eq. (8), we followed Ref. [35] and conserved the par-
ticle number of pi, K, η, ω, p, n, η′, φ, Λ, Σ, Ξ, Λ(1520),
Ξ(1530), and Ω hadrons. Then we fixed the chemical
freeze-out temperature and varied Tkin in 1 MeV steps in
[100− 200] MeV interval.
Results.—The data considered in this work has been
published by the ALICE Collaboration [36] and includes
pi, K and p spectra measured as a function of centrality
and multiplicity in pp collisions at
√
s = 7 TeV [37],
p–Pb collisions at
√
sNN = 5.02 TeV [38] and Pb–Pb
collisions at
√
sNN = 2.76 TeV [14]. The blast-wave
model parameters are extracted by simultaneously fitting
the pi,K, p spectra in the transverse momentum range
0.5 < pT < 3.0 (GeV/c), where each data point is consid-
ered with a weight given by the statistical and system-
atic uncertainties summed in quadrature. We checked
that extracted parameters are insensitive to the choice
of momentum range for central and mid-central Pb–Pb
collisions and p–Pb and pp results show only modest de-
pendence on the fit ranges (see the suplemental material).
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FIG. 1. Blast-wave freeze-out temperature Tfo against mean
transverse velocity 〈βT 〉 for pp, p–Pb and Pb–Pb collisions
including the feed-down of resonance decays. Spectra of pi, K
and p are fitted in 0.5 < pT < 3.0 (GeV/c) momentum range.
Error bars correspond to model parameter uncertainties.
We find a very good fit for Pb–Pb spectra with χ2/dof in
the range 0.4− 2.4. For smaller collision systems χ2/dof
grows from 1.1 in the highest multiplicity p–Pb collisions
to 7.4 in the lowest multiplicity pp bin. For completeness
the tables of the best fit values, their uncertainties and
χ2/dof are given in the suplemental material.
In Fig. 1 we show the extracted freeze-out tempera-
ture Tfo plotted as a function of mean radial velocity
〈βT 〉 ≡ 2βmax/ (2 + n) and collision system. All sys-
tems show stronger radial flow with increasing multiplic-
ity, but only modest temperature dependence. We see
that for Pb–Pb collisions the freeze-out temperature is
in 152–156 MeV range and close to the chemical freeze-
out temperature Tchem = 156.5 ± 1.5 MeV obtained by
the statistical model fitted to light and multi-strange
hadrons in the most central collisions [2]. Studies of cen-
trality dependence of thermal model parameters also find
weak temperature dependence, but the temperature is
higher than extracted in out fits [39–41]. We note that
in our model we use only pi,K, p spectra and do not intro-
duce baryon chemical potential, canonical suppression or
strangeness undersaturation effects. In smaller systems
we observe similar values of freeze-out temperature, and
in the case of p–Pb collisions we find overlapping freeze-
out temperature and radial flow values compared to Pb–
Pb. Finally, pp collisions tend to have smaller average
radial flow, but the temperature dependence is compa-
rable to other systems, except for the lowest multiplicity
bin.
Our results in Fig. 1 are noticebly different from the
usual blast-wave fits without resonance decays, which
show strong anti-correlation between freeze-out temper-
ature and radial flow for Pb–Pb collisions [14]. To under-
stand this difference, we repeated the fits for Pb–Pb data
by allowing independent normalizations of each particle
0 1 2 3
0.5
1
1.5
0 1 2 3
0.5
1
1.5
0 1 2 3
0.5
1
1.5
Fit range
0 1 2 3
0.5
1
1.5
0 1 2 3
0.5
1
1.5
0 1 2 3
0.5
1
1.5
0 1 2 3
0.5
1
1.5
0 1 2 3
0.5
1
1.5
0 1 2 3
0.5
1
1.5
D
at
a/
fit
 = 2.76 TeVNNsPb-Pb,  = 5.02 TeVNNsp-Pb,  = 7 TeVspp, 
pi
K
p
pi
K
p
pi
K
p
)c (GeV/
T
p
0-5% 80-90% 0-5% 80-100% 0-1% 70-100%
FIG. 2. Transverse momentum spectra for pi,K, p divided by
the blast-wave fit with resonance decays at most central (filled
symbols) and peripheral (open symbols) centrality classes.
Error bars correspond to statistical and systematic uncertain-
ties in the data.
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FIG. 3. Extracted freeze-out volume per rapidity dV/dy (in
the lab-frame) as a function of multiplicity for different col-
lision systems. Error bars correspond to model parameter
uncertainties.
spectra. We found that χ2/dof of such a fit does not have
a well localized minimum in the freeze-out temperature
Tfo, but instead has a shallow region with χ
2/dof < 2 over
much of 100 MeV < Tfo < 200 MeV range. In fact, it was
already shown in Ref. [9], that due to the feed-down of
heavier resonances, pions respond to radial flow much like
heavy particles and equally good fits to particle spectra
can be obtained for different values of freeze-out temper-
ature. In contrast, the blast-wave fit without resonance
decays, erroneously singles out a particular combination
of temperature and radial flow.
Next we study the ratios of measured hadron spectra to
the improved blast-wave model fits, which are shown in
Fig. 2 for different collision systems and most central and
most peripheral centrality bins. We find that pi, K and
p spectra are described by the model within ∼ 2σ range
for momenta 0.5 < pT < 3.0 (GeV/c), suggesting that
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FIG. 4. (left) Data to fit ratios of pi,K, p spectra in single
freeze-out blast-wave model (right) Data to prediction ratios
of Λ, Ξ, Ω spectra using the same blast-wave fit parameters.
Error bars correspond to statistical and systematic uncertain-
ties in the data.
the primary hadrons are emitted from a fluid expanding
with common velocity field. The ratios are flat for pions
and kaons, but the proton spectra-to-fit ratio shows a
residual evolution with pT, which can be attributed to the
rescatterings in the hadronic gas phase, which generally
boost heavier particles towards higher momenta [11].
We would like to emphasise that including resonance
decays in the blast-wave fits allows us to use a single nor-
malisation factor for all particle species. The extracted
factor can be interpreted as the freeze-out volume per
unit rapidity of the fireball and is proportional to the
overall multiplicity dNch/dη, as shown in Fig. 3 [42] (c.f.
freeze-out volume in statistical model fits [40]). Because
of fixed normalisation, the extracted blast-wave model
parameters βmax, Tfo, n and dV/dy from fits to pi, K and
p spectra can be used to predict heavier hadrons, such as
Λ, Ξ, Ω [17, 18, 43–45]. We show the data to model ratios
in Fig. 4 (pi,K, p spectra were refitted in the same central-
ity bins). The model predictions for Ξ and Ω are very
good and only Λ spectra is somewhat under-predicted
(similar discrepancies are also seen in full hydrodynamic
simulations [11]).
Finally, we consider the blast-wave fits with distinct
chemical and kinetic freeze-outs using partial chemical
equilibrium model. We fix the chemical freeze-out tem-
perature Tchem (and hence particle ratios) and vary the
kinetic freeze-out temperature Tkin. In Fig. 5. we show
the spectral ratios for Pb–Pb collisions at two different
centralities for Tchem = 155 MeV. The data to model ra-
tio for protons becomes flat in 0-10% centrality with the
kinetic freeze-out temperature Tkin = 127±2 MeV, while
for 40-60% centrality the kinetic and chemical freeze-
out temperatures become approximately equal. For pp
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FIG. 5. (left) Data to fit ratios of pi,K, p spectra in par-
tial chemical equilibrium model with chemical freeze-out at
Tchem = 155 MeV (right) Data to prediction ratios of Λ, Ξ, Ω
using the same blast-wave fit parameters. Error bars corre-
spond to statistical and systematic uncertainties in the data.
and p–Pb collisions, we do not obtain a convergent fit,
with Tkin > Tchem reaching the upper limit (200 MeV)
of the fitting range. This points out to the fact that
perhaps more realistic freeze-out surface geometries and
additional observables should be used to study chemical
and kinetic freeze-outs.
Conclusions and Outlook.—We performed the multi-
plicity and collision system analysis of identified hadron
spectra using the blast-wave model with resonance de-
cays for pp, p–Pb and Pb–Pb collisions at the LHC.
Thanks to the inclusion of decay feed-down, we were
able to fit pi,K, p spectra in a wide momentum range
0.5 < pT < 3.0 (GeV/c) and extract the common freeze-
out volume, freeze-out temperature and the radial flow
parameters. In contrast to traditional blast-wave fits, our
fits take into account both the shape and relative normal-
ization of particle spectra. Consequently, our method
produces a single freeze-out temperature, which is rela-
tively insensitive to the multiplicity, system size or fit-
ting ranges. We confirmed that if the decay feed-down
is properly included, only the shape of pion, kaon and
proton spectra cannot be used to determine the freeze-
out temperature and radial flow [9]. Our fit of pi,K, p
spectra is in ∼ 2σ agreement of experimental data in
the fitting range 0.5 < pT < 3.0 (GeV/c) for all mul-
tiplicity classes and collision systems. Furthermore, us-
ing the extracted freeze-out volume we were able to pre-
dict multi-strange particle spectra (Λ,Ξ,Ω) without ad-
ditional model parameters. Finally, introducing separate
kinetic and chemical freeze-outs using partial chemical
equilibrium model allowed us to improve the proton de-
scription in central Pb–Pb collisions, but the fit did not
result in physical parameter values at small multiplicity
5collisions.
The most significant aspect of our study is the prac-
tical demonstration that simple data analysis including
the important effect of decay feed-down can be done in
computationally efficient way. By first calculating the
decayed particle spectra in the fluid frame for a range
of freeze-out parameters [28, 29], we were able to per-
form the blast-wave fit analysis of particle spectra in a
matter of seconds. This practical approach opens up
a way for simple, but realistic studies of particle pro-
duction in hadronic collisions using parametrized freeze-
out surfaces. Useful physical insight could be gained by
studying the shape of freeze-out surface in small col-
lision systems [46], the effect of viscous corrections to
particle spectra and elliptic flow [11, 47–49], the freeze-
out criteria [50, 51] and inclusion of additional observ-
ables [52–55]. These studies would clearly complement
the on-going multi-parameter hydrodynamic modelling
of heavy-ion collisions, which ultimately can be used to
determine the properties of the QGP [8, 56].
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Supplemental material
Best fit parameters and fit ranges.—In Tables I, II and
III we summarize the best fit values and uncertainties
for different collision systems and centralities for single
freeze-out blast-wave fits. In addition in Tables IV and V
we report the fit parameters for Pb–Pb collisions in dif-
ferent centrality bins within single freeze-out and partial
chemical equilibrium models.
To study the model parameter sensitivity to different
pT regions, particle spectra are fitted in different trans-
verse momentum intervals as summarised in Table VI. In
addition to our nominal range (I), we consider the stan-
dard range (II), as well as high- and low-pT regions (III,
TABLE II. p–Pb 5.02 TeV results for pi, K, p combined blast-
wave fit with resonance decays in momentum range 0.5 <
pT < 3.0 (GeV/c).
Centrality 〈βT 〉 Tfo (MeV) n dV/dy (fm3)χ2/dof
0-5% 0.52±0.01 156±1 1.41±0.05 109±3 1.1
5-10% 0.50±0.01 156±1 1.54±0.06 89±3 1.5
10-20% 0.48±0.01 156±1 1.70±0.06 76±2 1.7
20-40% 0.45±0.01 156±1 1.95±0.07 61±2 2.4
40-60% 0.40±0.01 155±1 2.40±0.09 45±1 3.5
60-80% 0.35±0.01 154±1 3.16±0.12 30±1 4.9
80-100% 0.25±0.00 151±1 5.02±0.09 16±1 6.4
TABLE III. Pb–Pb 2.76 TeV results for pi, K, p combined
blast-wave fit with resonance decays in momentum range
0.5 < pT < 3.0 (GeV/c).
Centrality 〈βT 〉 Tfo (MeV) n dV/dy (fm3)χ2/dof
0-5% 0.66±0.01 152±1 0.32±0.04 3914±114 2.0
5-10% 0.65±0.01 152±1 0.37±0.05 3266±93 1.6
10-20% 0.64±0.01 153±1 0.42±0.05 2430±69 1.3
20-30% 0.62±0.01 154±1 0.52±0.05 1613±47 0.9
30-40% 0.59±0.01 154±1 0.69±0.06 1060±32 0.6
40-50% 0.55±0.01 155±1 0.94±0.07 668±21 0.4
50-60% 0.50±0.01 156±1 1.24±0.05 376±13 0.5
60-70% 0.45±0.02 156±1 1.72±0.12 205±8 0.9
70-80% 0.39±0.02 155±1 2.26±0.17 101±5 1.2
80-90% 0.34±0.01 152±1 3.04±0.14 46±2 2.4
TABLE IV. Pb–Pb 2.76 TeV results for pi, K, p combined
blast-wave fit with resonance decays in momentum range
0.5 < pT < 3.0 (GeV/c).
Centrality 〈βT 〉 Tfo (MeV) n dV/dy (fm3)χ2/dof
0-10% 0.65±0.01 152±1 0.34±0.04 3585±104 1.8
10-20% 0.64±0.01 153±1 0.42±0.05 2430±69 1.3
20-40% 0.61±0.01 154±1 0.59±0.05 1336±40 0.7
40-60% 0.53±0.01 155±1 1.04±0.08 521±17 0.4
60-80% 0.43±0.02 156±1 1.88±0.14 152±6 0.9
TABLE V. Pb–Pb 2.76 TeV results for pi, K, p combined
blast-wave fit with resonance decays in partial chemical equi-
librium model with Tchem = 155 MeV and Tkin = Tfo in mo-
mentum range 0.5 < pT < 3.0 (GeV/c).
Centrality 〈βT 〉 Tfo (MeV) n dV/dy (fm3)χ2/dof
0-10% 0.66±0.01 127±2 0.57±0.04 5497±207 0.9
10-20% 0.64±0.01 132±2 0.59±0.04 3383±123 0.8
20-40% 0.61±0.01 141±3 0.69±0.05 1652±63 0.5
40-60% 0.53±0.02 157±3 1.03±0.08 502±22 0.4
60-80% 0.41±0.02 186±6 1.81±0.17 89±6 0.6
8TABLE VI. Different choices for transverse momentum pT fit
ranges (in GeV/c).
pi K p
I [0.5,3.0] [0.5, 3.0] [0.5, 3.0]
II [0.5,1.0] [0.2, 1.5] [0.2, 3.0]
III [0.7,1.3] [0.5, 1.5] [1.0, 3.0]
IV [0.5,0.8] [0.2, 1.0] [0.3, 1.5]
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FIG. 6. Freeze-out temperature versus mean transverse flow
for different transverse momentum pT fit ranges (see Table VI)
in a single freeze-out blast-wave model with resonance decays.
IV) used in previous publications by ALICE [14]. We
find that for a given multiplicity, fit range (I) results in
the lowest 〈βT〉 in all cases except for the most central
Pb–Pb collisions as shown in Figure 6. The freeze-out
temperature measured in Pb–Pb collisions shows little
dependence on the fitting range, except at most periph-
eral bins. In smaller systems this dependence is more
pronounced and shows a decreasing trend as higher trans-
verse momenta are considered.
